We prove that the knots 13n 592 and 15n 41,127 both have stick number 10. These are the first non-torus prime knots with more than 9 crossings for which the exact stick number is known.
Theorem 1. The knots 13n 592 and 15n 41, 127 have bridge index 4, superbridge index 5, and stick number 10.
The basic strategy is to show that 10 is both an upper and a lower bound on stick number for these knots. To see that 10 is an upper bound, it suffices to find 10-stick representatives of each knot, which are pictured in Figure 1 . Two of us (Eddy and Shonkwiler) discovered these examples while generating very large ensembles of 10-stick random knots in tight confinement for our paper [13] , in which we searched for new bounds on stick number by generating random polygonal knots confined to small spheres. The point of sampling random knots in confinement is to boost the probability of generating complicated knots. Using symplectic geometry, it turns out that sampling polygonal knots in confinement is equivalent to sampling points in certain convex polytopes according to Lebesgue measure [9] ; see [13, Section 3] for a self-contained description of this approach, and see the stick-knot-gen project [12] for code and supporting data.
On the other hand, as suggested by the inclusion of statements about these other invariants in Theorem 1, we will show that 10 is a lower bound on stick number using inequalities relating stick number with bridge index and superbridge index, whose definitions we now recall. Given a knot type K, let γ : S 1 → R 3 be a smooth embedding in the ambient isotopy class of K. Given a linear function z : R 3 → R of norm one so that z • γ is Morse, let b z (γ) be the number of local maxima of z • γ. Then the bridge number of γ is We elevate these quantities to knot invariants by minimizing over all γ in the ambient isotopy class of K. More precisely, the bridge index of a knot K is b(K) := min γ b(γ) and the superbridge index of K is sb(K) := min γ sb(γ). The following two propositions relate bridge index, superbridge index, and stick number.
Proposition 2 (Kuiper [16] ). For any nontrivial knot K, b(K) < sb(K).
Proposition 3 (Randell [21] ). For any knot K, sb(K) ≤ 1 2 stick(K).
Since b(K) < sb(K) ≤ 1 2 stick(K) and all three of these invariants are integers, to show a knot has stick number at least 2n it suffices to show that the knot has bridge index at least n − 1. 1 Finding lower bounds on bridge index can often be challenging. Classically, Fox colorings provide lower bounds on bridge index; recall that a knot is Fox 3-colorable if and only if there exists a surjective homomorphisms from the knot group to S 3 , the symmetric group on three elements, that sends meridians of the knot to transpositions. A generalization of this method is to find a surjective homomorphism from the knot group to a group with nice properties. Recently, surjective homomorphisms from knot groups to symmetric groups [4] and Coxeter groups [3] that send meridians to elements of order two have been used to give lower bounds on bridge index. An example of this approach is the following well-known result.
Proposition 4. Let K be a knot and S n the symmetric group on n elements. If the knot group π 1 S 3 \K admits a surjective homomorphism to S n such that every meridian is sent to a transposition, then b(K) ≥ n − 1.
In ongoing work [6] , two of us (Blair and Morrison) together with Alexandra Kjuchukova are building on earlier algorithms giving upper bounds on bridge index [7] by searching for all homomorphisms to finite Coxeter groups for knots with 16 or fewer crossings. An incomplete version of this code found the homomorphism from the knot group of 15n 41,127 to the symmetric group S 5 given below.
More broadly, the stick knot data [12] and the forthcoming Coxeter group homomorphism data are each substantial but mostly unexplored, and we believe they will yield further interesting results, both separately and in combination.
Proof of Theorem 1. We give the coordinates of the vertices of 10-stick representatives of both knots in Table 1 and show pictures in Figure 1 , proving that stick(K) ≤ 10 for both of these knots. 2 Combining this with Propositions 2 and 3, we see that
for both knots, so the result follows if we can show that b(K) ≥ 4.
To do so, we use the strategy outlined above and seek a surjective homomorphism from each knot group to the symmetric group S 5 . Figure 2 shows a diagram of 15n 41,127 with strand labels defining a homomorphism to S 5 . Specifically, we started by labeling the strand (−10, 4, −11) with the transposition (1 2), the strand (−15, 14, 10, 1, −2) with (1 3), the strand (−2, 3, −1) with (1 4), and (−7, 11, 5, −14) with (1 2)
(1 5)
( 1 5 Somewhat surprisingly, changing 15n 41,127 into 13n 592 by switching a single crossing can actually be realized at the level of stick knots as seen in Figure 4 . The non-equilateral 10-stick representation of 13n 592 comes from moving the ninth vertex of the 15n 41,127 given in Table 1 to (3,708,061, −732, 600, 1,785,942) and leaving all other vertices unchanged.
Since some of the labels in Figure 2 don't change at undercrossings, we can switch the signs of any or all of these crossings and produce surjective homomorphisms to S 5 from other knot groups. There exist 11-stick representatives of some of these knots, which allows us to compute their bridge index and superbridge index. Proof. We give coordinates of the vertices of equilateral 11-stick realizations of each of these knots in Appendix A, so we have b(K) < sb(K) ≤ To see this, observe that we can change the sign of crossing 4 in Figure 2 to get a diagram for 13n 835 and associated surjective homomorphism π 1 S 3 \13n 835 S 5 , so b(13n 835 ) ≥ 4 by Proposition 4. As summarized in Table 2 , other crossing changes produce diagrams and homomorphisms for the rest of the knots in the Proposition (or their mirrors) and the result follows. Figure 2 produce several other knots, each of which must have bridge index at least 4.
A Coordinates of the vertices of 11-stick knots
We give coordinates of equilateral 11-stick representations of each of the knots mentioned in Proposition 5. These coordinates can be downloaded from the stick-knot-gen project [12] 
